The aim of this paper is to study the heat kernel and jump kernel of the Dirichlet form associated to ultrametric Cantor sets ∂B Λ that is the infinite path space of the stationary k-Bratteli diagram B Λ , where Λ is a finite strongly connected k-graph. The Dirichlet form which we are interested in is induced by an even spectral triple (
Introduction
Higher-rank graphs (or k-graphs) Λ and their C * -algebras C * (Λ) were introduced in [15] as a generalization of directed graphs and Cuntz-Krieger algebras in order to give a combinatorial model and to study abstract properties of C * (Λ) such as simplicity and ideal structure. Higherrank graphs and the associated C * -algebras have extensively been studied in last two decades on classification theory, K-theory of C * (Λ), and the study of spectral triples and of KMS states. (See [3, 18, 6, 10, 9, 12] and references therein). The C * -theory of Cuntz algebras, Cuntz-Krieger algebras associated to graphs (and k-graphs) not only have played an important role in operator algebras and noncommutative geometry, but also have been used in many applications in engineering and physics: branching laws for endomorphisms, Markov measures and topological Markov chains, wavelets and multiresolution analysis, and iterated function systems (IFS) and fractals. (See [1, 7, 2, 16, 5] and references therein).
In the recent papers [8, 9] , authors have studied spectral triples and their relations to C * -representations and wavelet decompositions of Cuntz algebra O N , Cuntz-Krieger algebra O A of an adjacency matrix A and C * (Λ) based on the works of [17, 13] . In fact, Pearson-Bellissard [17] originally constructed a family of spectral triples to study geometry of ultrametric Cantor sets induced from weighted trees. Not only they studied ζ-function, Dixmier trace and their relations to (fractal) dimensions and (Hausdorff, probability) measures on ultrametric Cantor sets, but also they constructed a family of Dirichlet forms from the spectral triples and studied the eigenvalues, eigenspaces of the Laplace-Beltrami operators associated to the Dirichlet forms, and investigated the associated diffusion on triadic Cantor sets. Using the frame work developed in [17] , Julien and Savinien [13] applied the theory to study substitution tilings on a weighted Bratteli diagram (which is a special kind of tree).
Although it is known in [17, 13] that the basis of eigenspaces of the Laplace-Beltrami operators are related to wavelets (for example, Haar wavelets for the case of the triadic Cantor set [17] ), it was first noticed in [8, 9] that particular representations of C * -algebras (Cuntz algebras, Cuntz Krieger algebras and C * (Λ)) studied in [7] give "scaling and translation" operators that relate the eigenspaces to wavelets/wavelet decompositions in general cases. In [9] , authors associated a finite strongly connected k-graph Λ to a stationary k-Bratteli diagram B Λ and obtained Cantor sets from the infinite path space ∂B Λ of B Λ and ultrametric d w δ associated to weight functions w δ on ∂B Λ , where δ ∈ (0, 1).
1 Then they [9] were also able to associate
Pearson-Bellissard spectral triples to the k-graph Λ under a mild hypothesis and obtain similar results to those of [17] for ζ-function, Dixmier trace and Laplace-Beltrami operators ∆ s and their eigenspaces. Note that the Dixmier trace induces a self-similar measure µ on ∂B Λ which agrees with the Perron-Frobenius measure M introduced in [12] under a mild hypothesis. (See Corollary 3.10 of [9] ). For the spectral triple (C Lip (∂B Λ ), π φ , H, D, Γ) 2 , the Dirichlet form Q s on L 2 (∂B Λ , µ) is given by
where Ξ is the space of choice functions on ∂B Λ × ∂B Λ and ν is a measure induced from µ. The associated Laplace-Beltrami operator ∆ s is given by f, ∆ s (g) = Q s (f, g).
With the self-similar measure µ on ∂B Λ (given in (3)), we get a metric measure space (∂B Λ , µ, d w δ ).
Note that the Markovian semigroup or the heat kernel associated to the Dirichlet form Q s has not been investigated in [9] . According to section 13 of [14] , Kigami showed that Dirichlet form associated to PearsonBellissard spectral triple of an ultrametric Cantor set induced from a weighted tree is a special kind of the Dirichlet forms on Cantor sets constructed in [14] without a spectral triple. In fact, the Cantor set in [14] is obtained from a random walk on a tree, and the measure and the Dirichlet form on it are given in terms of effective resistances (see [14, Section 2, Section 4]). Moreover, Kigami described how his theory is related to noncommutative geometry by identifying a generalized jump kernel for the Dirichlet form of [17] and comparing his results (ζ-function, self-similar measure, asymptotic behavior of the heat kernel) to those of [17] when the Cantor set is given by the complete binary tree.
We think that Kigami's observation on the complete binary tree can be extended to a more general tree, in particular, a stationary k-Bratteli diagram, associated to a finite strongly connected k-graph. In this paper, we study the asymptotic behavior of the associated heat kernel and identify the jump kernel J s for the process associated to the Dirichlet form Q s . It turned out that the Dirichlet form Q s coincides with the Dirichlet form Q Js,µ given in Definition 4.3, where J s is a generalized jump kernel given in (19) (see Proposition 4.4). Also, the asymptotic behavior of the heat kernel p t associated to Q s describes the jump process across the gaps of the Cantor set (see Theorem 4.9). Note that Chen and Kumagai [4] have investigated the heat kernel estimates for this kind of jump processes associated to a jump-type Dirichlet form such as Q Js,µ .
We begin in Section 2 with definitions of k-graphs and k-Bratteli diagrams and discuss how we obtain ultrametric Cantor sets C using weighted k-Bratteli diagrams associated to kgraphs. In Section 3, we first review the construction of Pearson-Bellissard's spectral triples and Dirichlet forms Q s , s ∈ R on C. Then we show in Proposition 3.2 that the LaplaceBeltrami operator ∆ s associated to Q s is in fact unbounded when s < 2 + δ, where δ ∈ (0, 1). Moreover, we obtain the intrinsic ultrametric d (s) associated to the eigenvalues of ∆ s in Proposition 3.3. In Section 4, we first show that both ultrametrics d (s) and d w δ have the volume doubling property with respect to the self-similar measure µ in Proposition 4.1 and See Theorem 3.8 of [9] . 2 See the details in Section 3.
Proposition 4.2. Moreover, Theorem 4.8 shows that they are asymptotically equivalent in the sense that d (s) (x, y) ≍ (d w δ (x, y)) 2+δ−s , where δ ∈ (0, 1) and see (23) for '≍'. Finally, we discuss the heat kernel and its asymptotic behavior and moments of displacement of the process associated to the Dirichlet form Q s in Theorem 4.9.
2 k-graphs and ultrametric Cantor sets 2.1 k-graphs and k-Bratteli diagrams Throughout this article, N denotes the non-negative integers and |S| denotes the number of elements in a set S unless specified otherwise.
A directed graph is given by a quadruple E = (E 0 , E 1 , r, s), where E 0 is the set of vertices of the graph, E 1 is the set of edges, and maps r, s : E 1 → E 0 denote the range and source of each edge. A vertex v in a directed graph E is a source if r −1 (v) = ∅.
Definition 2.1. [15, Definition 1.1] A higher-rank graph (or k-graph) is a small category Λ equipped with a degree functor d : Λ → N k satisfying the factorization property: whenever λ is a morphism in Λ such that d(λ) = m + n, there are unique morphisms µ, ν ∈ Λ such that d(µ) = m, d(ν) = n, and λ = µν.
We often consider k-graphs as a generalization of directed graphs. For n ∈ N k , we write
and we call morphisms λ ∈ Λ n paths with degree n ∈ N k . If n = 0 ∈ N k , then Λ 0 is the set of objects of Λ, which we also refer to as the vertices of Λ. There are maps r, s : Λ → Λ 0 which identify the range and source of each morphism, respectively. For v, w ∈ Λ 0 and n ∈ N k , we define two sets
We say that a k-graph Λ is finite if |Λ n | < ∞ for all n ∈ N k ; Λ has no sources (or is source-free) if |vΛ n | > 0 for all v ∈ Λ 0 and n ∈ N k ; Λ is strongly connected if, for all v, w ∈ Λ 0 , vΛw = ∅. For each 1 ≤ i ≤ k, we write e i for the standard basis vector of N k , and define a matrix
We call A i the i-th vertex matrix of Λ. Note that the factorization property implies that the matrices A i commute, i.e. A i A j = A j A i for 1 ≤ i, j ≤ k. In fact, for a pair of composable edges f ∈ vΛ e i u, g ∈ uΛ e j w, the factorization property implies that there exist unique edges f ∈ Λ e i w,g ∈ vΛ e j such that f g =gf since d(f g) = e i + e j = e j + e i = d(gf ).
Example 2.2. If we let Λ E be the category of finite paths of a directed graph E, then Λ E is a 1-graph with the degree functor d : Λ E → N which takes a finite path λ to its length |λ| (the number of edges making up λ).
Another fundamental example of a k-graph is the following. For any k ≥ 1, let Ω k be the small category with Obj(
p ≤ q} where p ≤ q means that each entry p i is less than and equal to q i for 1 ≤ i ≤ k. The range and source maps r, s : Mor(Ω k ) → Obj(Ω k ) are given by r(p, q) = p and s(p, q) = q. If we define d :
According to [15] , we can define an infinite path in a k-graph Λ by a k-graph morphism (meaning degree-preserving functor) x : Ω k → Λ and we write Λ ∞ for the set of all infinite paths in Λ. We endow Λ ∞ with the topology generated by the collection of cylinder sets {Z(λ) : λ ∈ Λ}, where the cylinder set of λ is defined by
We note that Z(λ) is compact open for all λ ∈ Λ. We also see that Λ is a finite k-graph if and only if Λ ∞ is compact. Consider a family of commuting N × N matrices {A 1 , . . . , A k } with non-negative entries. We say that the family {A 1 , . . . , A k } is irreducible if for each nonzero matrix A i , there exists a finite subset F ⊂ N k such that A F (s, t) > 0 for all s, t ∈ N, where for n = (n 1 , . . . , n k ) ∈ N k and a finite subset F of N k , we write
By [12, Lemma 4.1], a k-graph Λ is strongly connected if and only if the family of vertex matrices {A 1 , . . . , A k } for Λ is irreducible. So, if a finite k-graph Λ is strongly connected, then Proposition 3.1 of [12] implies that there is a unique positive vector κ Λ ∈ (0, ∞) Λ 0 such that
where ρ i := ρ(A i ) denotes the spectral radius of A i . Such an eigenvector κ Λ is called the (unimodular) Perron-Frobenius eigenvector of Λ. Proposition 8.1 of [12] shows that there is a unique Borel probability measure M on Λ ∞ that satisfies the self-similarity condition 4 given by
where Z(λ) is a cylinder set of λ ∈ Λ and κ Λ is the unique Perron-Frobenius eigenvector of Λ.
where
The measure M is often called the Perron-Frobenius measure on Λ ∞ . Now we describe Bratteli diagrams and k-Bratteli diagrams introduced in [2, 9] as follows. 3 Since y ∈ Λ ∞ , we have y :
and the image of (0, d(λ)) under y should be an element of Λ by definition. Thus, y(0, d(λ)) = λ ∈ Λ means that the initial path of the infinite path y with degree d(λ) is the same as λ. 4 For ∞ n=1 E n , where E n consists of edges whose source vertex lies in V n+1 and whose range vertex lies in V n . A finite path η = η 1 · · · η ℓ is a finite sequence of edges with r(η n ) = s(η n+1 ).
Definition 2.4. [9, Definition 2.3] Given a Bratteli diagram B, the set of all infinite paths ∂B is defined by ∂B = {(x n ) ∞ n=1 : x n ∈ E n and s(x n ) = r(x n+1 ) for all n ∈ N \ {0}}.
For a finite path
We note the collection T of all cylinder sets forms a compact open sub-basis for a locally compact Hausdorff topology on ∂B; we will always consider ∂B with this topology.
Definition 2.5. [9, Definition 2.5] Let A 1 , . . . , A k be commuting N × N matrices with nonnegative integer entries. The stationary k-Bratteli diagram associated to the matrices A 1 , . . . , A k is given by a filtered set of vertices B 0 = n∈N V n and a filtered set of edges B 1 = ∞ n=1 E n , where the edges in E n go from V n+1 to V n , such that (i) for each n ∈ N, each V n consists of N vertices, which we will label 1, . . . , N;
(ii) when n ≡ i (mod k), there are A i (p, q) number of edges whose range is the vertex p of V n and whose source is the vertex q of V n+1 .
Remark 2.6. For a finite strongly connected k-graph Λ, let B Λ be the corresponding stationary k-Bratteli diagram. We first note that Proposition 2.10 of [9] implies that the infinite path space Λ ∞ of Λ is homeomorphic to the infinite path space ∂B Λ of B Λ . Thus, we can obtain the unique probability measure µ on ∂B Λ satisfying self-similarity condition by transferring the PerronFrobenius measure M on Λ ∞ given in (1) as follows. Since we have V n ∼ = Λ 0 for all n ∈ N, we write (κ v ) v∈Λ 0 (or (κ v ) v∈Vn ) again for the corresponding Perron-Frobenius eigenvectors at each level of B Λ . Then the induced unique probability measure µ on ∂B is given by
where ρ = ρ 1 . . . ρ k and η is a finite path in B with r(η) ∈ V 0 and |η| = qk + t for some q, t ∈ N and 0 ≤ t ≤ k − 1.
Weights and ultrametrics
For a Bratteli diagram (or stationary k-Bratteli diagram) B and n ∈ N, we let
where |η| is the length 5 of η, and let
Definition 2.7. [17, 13, 9] A weight on B is a function w :
For x, y ∈ ∂B, we write x ∧ y for the longest common initial sub-path of x and y. If r(x) = r(y), then we define x ∧ y = ∅.
We say that a metric d on a Cantor set C is an ultrametric if d induces the Cantor set topology and satisfies
It is not hard to see that a weight w on a Bratteli diagram gives an ultrametric d w as follows. 
is an ultrametric on ∂B. Moreover, d w metrizes the cylinder set topology on ∂B.
It is shown in [9] that we can associate a k-graph to an ultrametric Cantor set under a mild hypothesis as follows. Let Λ be a finite strongly connected k-graph with vertex matrices A i and suppose that each spectral radius ρ i of A i is bigger than 1. Then Proposition 2.17 of [9] implies that the infinite path space Λ ∞ is a Cantor set, and hence the infinite path space ∂B Λ of the corresponding stationary k-Bratteli diagram B Λ is also a Cantor set since Λ ∞ is homeomorphic to ∂B Λ . Also, Proposition 2.19 of [9] implies that there exists a weight ω δ on B Λ for δ ∈ (0, 1) given as follows: For any λ ∈ F B with |λ| = n ∈ N, we write n = qk + t for some q, t ∈ N 0 with 0 ≤ t ≤ k − 1. For each δ ∈ (0, 1), we define w δ :
where κ Λ is the unimodular Perron-Frobenius eigenvector for Λ. Moreover, Proposition 2.8 above implies that the weight ω δ induces an ultrametric d ω δ on ∂B and the metric topology induced by d w agrees with the cylinder set topology of ∂B Λ . Thus if we let B dw (x, r) be the closed ball of center x and radius r > 0, then B dw (x, r) = [x 1 . . . x n ] for some n ∈ N, where
(See the details of the proof in Proposition 2.15 of [9] ).
Spectral triples and Laplace-Beltrami operators
For the rest of this paper, we denote by Λ and B Λ a finite, strongly connected k-graph and its associated stationary k-Bratteli diagram with infinite path space ∂B Λ , respectively, unless specified otherwise.
According to [9] , there exists a family of spectral triples for the ultrametric Cantor set associated to Λ under mild hypotheses. The associated ζ-function is also regular and the measure µ on ∂B Λ induced by Dixmier trace turned out to be equivalent to the Perron-Frobenius measure M on Λ ∞ . Moreover, the family of spectral triples induces Laplace-Beltrami operators ∆ s , s ∈ R given via the Dirichlet forms as below. In this section, we first review them, and then investigate the asymptotic behavior of the eigenvalues of ∆ s and the associated ultrametric d 6 consisting of a Hilbert space H, an involutive algebra A of (bounded) operators on H and a densely defined self-adjoint operator D that has compact resolvent such that [D, π(a)] is a bounded operator for all a ∈ A, where π is a faithful bounded * -representation of A on H. An even spectral triple is an odd spectral triple with a grading operator (meaning self adjoint and unitary) Γ on H such that ΓD = −DΓ, and Γπ(a) = π(a)Γ for all a ∈ A.
We first suppose that ∂B Λ is a Cantor set. For any δ ∈ (0, 1), let w δ be the weight on B Λ given in (5) and we denote by d w δ the induced ultrametric on ∂B Λ as mentioned in the previous section. Suppose, in addition, that for λ ∈ F B Λ , we have
Then as in [9] (c.f. [17, 13] ), we can construct a family of spectral triples for the ultrametric Cantor set (∂B Λ , d w δ ) as follows.
(Hence we have (6)). Here φ 1 (λ) and φ 2 (λ) are infinite paths in [λ] and the subscripts 1,2 imply that the choice function gives a pair of (distinct) infinite paths in [λ] satisfying (7). The condition in (7) means that φ 1 (λ) and φ 2 (λ) satisfy
for two different edges e, e ′ . According to [17] , the space of choice functions is the analogue of the sphere bundle of a Riemannian manifold.
We denote by Ξ the space of choice functions for (∂B Λ , d w δ ). Since ∂B Λ is a Cantor set, Ξ is nonempty since it implies that for every finite path λ of B Λ we can find two distinct infinite paths x, y ∈ [λ] such that φ 1 (λ) = x and φ 2 (λ) = y. (See Proposition 2.4 of [9] ).
Let C Lip (∂B Λ ) be the pre-C * -algebra of Lipschitz continuous functions on (∂B Λ , d w δ ) and let
Then we define a Dirac-type operator D on H by
The grading operator Γ is given by
Then one can show that π φ is a faithful * -representation, and the unbounded operator D is self-adjoint with compact resolvent and the commutator [D, π φ (g)] is a bounded operator for all g ∈ C Lip (∂B Λ ). Moreover, one can check that
and ΓD = −DΓ. Hence, we obtain an even spectral triple (
(See the details in [17, 13, 9] ). As shown in [9] , the associated ζ δ -function is given by
where s ∈ C. Since we assume (6), the abscissa of convergence s 0 of the ζ δ -function is δ by [9, Theorem 3.8] . Moreover, the associated Dixmier trace induces a measure µ w δ on ∂B Λ by the formula
where χ γ is the characteristic function on a cylinder set [γ] .
According to Corollary 3.10 of [9] , the induced Dixmier trace measure µ w δ is finite and independent of δ under a mild hypothesis 8 , so we denote by µ without subscript. Moreover, the measure µ agrees with the probability measure on ∂B Λ given in (3). Hence, for λ ∈ F B Λ with |λ| = qk + t (0 ≤ t ≤ k − 1), µ is given by
(See Theorem 3.9 and Corollary 3.10 of [9] for the details). Now we describe the associated Dirichlet form and Laplace-Beltrami operator as follows. Let µ be the induced measure on ∂B Λ as above. For s ∈ R, we define a sesquilinear form Q s on L 2 (∂B Λ , µ) by
where ν is the normalized measure on the set Ξ of choice functions given by the measure µ. In particular, we have that for λ ∈ F B Λ ,
where ext 1 (λ) is the set of ordered pairs of distinct edges (e, e ′ ) which extend γ one generation further, i.e., e = e ′ , r(e) = r(e ′ ) = s(λ), and |e| = |e ′ | = 1. Then one can show that Q s is a closable Dirichlet form for all s ∈ R with dense domain Dom(Q s ) which is the linear span of {χ λ : λ ∈ F B Λ } as in Section 8 of [17] . Then one can obtain a self-adjoint operator ∆ s on
and it is well-known that ∆ s generates a Markov semigroup. According to [13, Section 4 .1], one can compute the formula for ∆ s (χ γ ) as follows, and hence one can obtain the eigenvalues and the corresponding eigenvectors explicitly. Fix a finite path γ ∈ F B Λ with |γ| = n. For 0 ≤ k ≤ n = |γ|, we write γ k = γ(0, k) for the initial sub-path of γ with length k. Then we have
as in (4.2a), (4.2b) of [13] . Moreover, Theorem 4.3 of [13] implies that we can show that ∆ s has pure point spectrum, and one can compute the eigenvalues and eigenspaces for ∆ s explicitly as follows. For γ ∈ F B Λ ,
is an eigenvalue with the eigenspace
To make sense of ∆ s as Laplacian, in particular, as an unbounded operator, we need the property that the eigenvalues λ s,γ blows up as |γ| → ∞. The next proposition shows when the eigenvalue λ s,γ goes to −∞ as |γ| → ∞. Proposition 3.2. For any δ ∈ (0, 1), let w δ be the weight given in (5) and d w δ be the associated ultrametric given in Proposition 2.8 on ∂B Λ . Let µ be the probability measure on ∂B Λ given in (3). Let {ρ i : 1 ≤ i ≤ k} be the set of the spectral radii of all vertex matrices of Λ, and suppose that ρ i > 1 for all 1 ≤ i ≤ k. Let ∆ s , s ∈ R be the Laplace-Beltrami operator associated to the Dirichlet form Q s given in (8) and let λ s,γ be its eigenvalues given in (10), where γ ∈ F B Λ . If s < 2 + δ, then for γ ∈ F B Λ , the eigenvalue λ s,γ goes to −∞ as |γ| → ∞.
Proof. Fix a finite path γ in B Λ . For simplicity, we drop the subscript s from λ s,γ for the proof. In order to simplify the computation, we write the formula of λ γ in (10) as
Using the formulas for the measure µ and the weight w δ on ∂B, we compute
If n = qk + t with 0 ≤ t ≤ k − 1, then we have that
Thus, we obtain that
, so that
.
To compute B, let |γ|
First, we note that λ γ cannot approach to +∞ as |γ| → ∞. If so, then A should be positive if γ is long enough. To be precise, there exists N > 0 such that the coefficient
Therefore, we have that A → −∞ as |γ| → ∞. A similar argument also shows that B → ∞ as |γ| → ∞, and hence λ γ = A − B → −∞ as |γ| → ∞. Case 2: If s < 2, then s − 2 < 0. So, we have
and hence one can show that λ γ → −∞ as |γ| → ∞. Case 3: If s = 2, then we get
Thus, a similar argument shows that λ γ → −∞ as |γ| → ∞. Therefore if s < 2 + δ, then the eigenvalue λ γ → −∞ as |γ| → ∞.
Because of Proposition 3.2, the results in [14] implies that we can find an ultrametric d (s) , called the intrinsic metric in [14] , on ∂B Λ associated to the eigenvalues of ∆ s as follows. (a) If s < 2, then λ s,α < 0 for any α ∈ F B Λ with |α| ≥ 1, and {λ s,x(0,n) : n ∈ N} is strictly decreasing for any x ∈ ∂B Λ , i.e. λ s,x(0,n) > λ s,x(0,n+1) .
(b) Fix s ∈ R, and we define
(c) Let the open ball of center x ∈ ∂B Λ and radius a > 0 for the metric d (s) be defined by
Then for each x ∈ ∂B Λ , we have B s (x, a) = [x(0, n)] if and only if
Proof. For (a), recall from (10) that the eigenvalues λ s,α of ∆ s are given by
, for |α| = qk + t with 0 ≤ t ≤ k − 1 and δ ∈ (0, 1), and κ Λ is the unimodular Perron-Frobenius eigenvector for Λ.
We first note that G s (γ) > 0 for any γ ∈ F B Λ since ρ i > 1 for all 1 ≤ i ≤ k. If 2 − s > 0, then we see that G s (α n ) > G s (α n+1 ) where α n is an initial sub-path of α with |α n | = n and r(α n ) ∈ V 0 . Thus it is straightforward to check that λ s,α < 0 as follows. For α ∈ F B Λ with |α| = 1, we have
If |α| = 2, then we see that
If |α| = n, then we inductively see that
so that λ s,α < 0 for any α ∈ F B Λ . Moreover, (12) implies that for
Thus, we have that
, it is straightforward to see that d . Then Proposition 6.4(3) of [14] gives the desired result.
Dirichlet forms and heat kernels
According to [14] , we can prove various interesting results for the metric measure space that has a volume doubling property with respect to an ultrametric on the space. The measure µ on ∂B Λ has a volume doubling property with respect to the both ultrametric d (s) and d w δ on ∂B Λ , which is proved in Proposition 4.1 and Proposition 4.2. Moreover, we show that there exists a heat kernel p t of a process associated to the Dirichlet form Q s and discuss the asymptotic behavior of p t after.
Volume doubling property
For a metric measure space (X, µ, d), we define an open ball with radius r by B(x, r) = {y ∈ X | d(x, y) < r} for x ∈ X and r > 0. We say that the measure µ has the volume doubling property with respect to a metric d if there exists a constant c > 0 such that µ(B(x, 2r)) ≤ c · µ(B(x, r))
for any x ∈ X and any r > 0.
We have shown in the previous section that there are two metrics d (s) and d w δ defined on the measure space (∂B Λ , µ) if the spectral radii ρ i of vertex matrices of Λ satisfy ρ i > 1 for 1 ≤ i ≤ k. We show that the measure µ has the volume doubling property with respect to both d (s) and d w δ as below.
Proposition 4.1. Suppose that the spectral radius ρ i of vertex matrices of Λ satisfies ρ i > 1 for all 1 ≤ i ≤ k. Let µ be the probability measure on ∂B Λ given in (3) and d (s) be the intrinsic ultrametric on ∂B Λ given in Proposition 3.3. Then µ has the volume doubling property with respect to d (s) for s < 2.
Proof. Since s < 2, first note that the sequence eigenvalues {λ s,x(0,n) } is strictly decreasing for each x ∈ ∂B Λ and the associated intrinsic metric d (s) is an ultrametric on ∂B Λ by Proposition 3.3. We apply Theorem 6.5 of [14] to the metric measure space (∂B Λ , µ, d
(s) ) to prove the proposition. So it suffices to prove two things. First, we need to find c 1 ∈ (0, 1) such that
for all x ∈ ∂B Λ and n ∈ N,
and second, we need to show that there exist m ≥ 1 and c 2 ∈ (0, 1) such that
< c 2 for all x ∈ ∂B Λ and n ∈ N.
To see the first claim, fix x ∈ ∂B Λ and n ∈ N. Then let |x(0, n)| = n = qk + t for some q ∈ N and 0 ≤ t ≤ k − 1. Then we have that
Since the right-hand side of above equation is positive, there exists c 1 ∈ (0, 1) that satisfies (13) . For the second claim, recall that the sequence of eigenvalues {λ s,x(0,n) } is strictly decreasing for each x ∈ ∂B Λ if s < 2. Thus, we have 0 < λ s,x(0,n) λ s,x(0,n+m) < 1 for all m ≥ 1.
Hence there exists c 2 ∈ (0, 1) that satisfies (14) . Therefore µ has the volume doubling property with respect to
Now we prove that the measure µ also has the volume doubling property with respect to the ultrametric d w δ induced from the weight w δ on B Λ . The proof is not trivial and quite different from the one for the intrinsic metric d (s) shown above.
Proposition 4.2. Suppose that the spectral radius ρ i of vertex matrices of Λ satisfies ρ i > 1 for all 1 ≤ i ≤ k. Let w δ the weight on ∂B Λ given in (5) for 0 < δ < 1. Let d w δ be the induced ultrametric via w δ on B Λ and µ be the probability measure on ∂B Λ given in (3). Then µ satisfies the volume doubling property with respect to d w δ , i.e. for any x ∈ ∂B Λ and r > 0, there exists c > 0 such that
Proof. For notational simplicity, we drop the subscript δ from the ultrametric d w δ for the proof. Fix x = (x i ) i≥0 ∈ ∂B Λ and r > 0. Recall from Proposition 2.8 and the comments after that µ(B dw (x, r)) = µ[x 0 . . . x n 0 ], where n 0 is the smallest integer such that s(x ∧ y) ∈ V n 0 for y ∈ B dw (x, r), where x ∧ y is the longest common initial path of x and y. Write n 0 = q 0 k + t 0 for q 0 ∈ N and 0 ≤ t 0 ≤ k − 1. Then we have that
where ρ = ρ 1 . . . ρ k . Also we get
Similarly, we have that µ(B dw (x, 2r)) = µ[x 0 . . . x m 0 ] where m 0 is the smallest integer such that s(x∧y ′ ) ∈ V m 0 for y ′ ∈ B dw (x, 2r), and we write m 0 = q 1 k+t 1 for q 1 ∈ N and 0 ≤ t 1 ≤ k−1. We also have that
and
. Our goal is to find a number c > 0 such that
First, observe that for any 0 ≤ t 0 , t 1 ≤ k − 1, we have the inequality
since ρ 1 . . . ρ t 0 < ρ and
Note that the condition d w (x, y) < r with s(x ∧ y) ∈ V n 0 and n 0 = q 0 k + t 0 gives
This is equivalent to
Note that ρ 1 . . . ρ t 0 < ρ gives ln(ρ 1 . . . ρ t 0 ) < ln ρ, and hence ln(ρ 1 ...ρt 0 ) ln ρ < 1. Let X = min v∈Λ 0 {κ Λ v }, then the above inequality implies that
and a similarly computation as above shows that q 1 > C r,δ,ρ − δ ln 2 ln ρ . Thus, we have q 1 − q 0 > − δ ln 2 ln ρ − 1 and hence
Now, let Y = max v,w∈Λ 0
and we compute (18) implies the inequality ρ q 1 −q 0 −1 > ρ R . Thus, we get
Therefore, any constant c ≥ (
< c, which means that µ satisfies the volume doubling property with respect to d w .
Kernels and their asymptotic behaviors
We show in this section that the Dirichlet form Q s coincides with the Dirichlet form Q Js,µ associated to a jump kernel J s in Proposition 4.4, and show that there exists a heat kernel associated to the Dirichlet form Q s in Proposition 4.5. Then we discuss the asymptotic behavior of the heat kernel in Proposition 4.6, Theorem 4.7 and Theorem 4.9.
The Dirichlet form of the above form is called a jump type Dirichlet form and the corresponding kernel J is called a generalized jump kernel.
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As in [14] , we now identify a generalized jump kernel J s for the Dirichlet form Q s of (8) as follows.
Proposition 4.4. Let µ be the probability measure on ∂B Λ given in (3). Suppose that the spectral radius ρ i of vertex matrices of Λ satisfies ρ i > 1 for all 1 ≤ i ≤ k. For a finite path γ ∈ Λ, we let
The Dirichlet form
Proof. We prove the proposition by computing the Dirichlet form Q s given in (8) explicitly as follows. Note that |D| = √ DD * and the Dirac operator D acts on the Hilbert space
For ξ ∈ H and λ ∈ F B Λ , we have
For any s ∈ R, we get
Similarly, we compute
Now we apply the formula of ν on the set Ξ of the choice functions given in (9). Then we obtain that
where x, y ∈ ∂B Λ and x ∧ y is the longest common path of x and y. (Note that a choice function φ only picks up a finite path λ = x ∧ y for (x, y) ∈ ∂B Λ × ∂B Λ , so that the summation in λ of (20) goes away as above). Therefore, by letting
we have shown that
Also, it is straightforward to check that their domains coincide.
Recall that each eigenspace E s,γ corresponding to the eigenvalues λ s,γ of the LaplaceBeltrami operator ∆ s associated to the above Dirichlet form Q s is given in (11):
which can be realized as
Let {ψ γ,1 , . . . , ψ γ,mγ } be an L 2 (∂B Λ , µ)-orthonormal basis of the above E s,γ . Then Lemma 10.2 of [14] implies that there exists a complete orthonormal system {ψ 0 , ψ γ,n :
, m γ = |{e ∈ s(γ)B 1 }| − 1 and B 1 is the set of edges in B. Therefore, Lemma 7.1 of [14] gives the formula
which is the same form as the formula given in the Section 7 of [14] . Now we are ready to give the formula of the heat kernel which we are interested in. As in the equation (7.1) of [14] , the heat kernel associated to the Dirichlet form (Q s , Dom(Q s )) is given by
where {ψ 0 , ψ γ,n : γ ∈ F B Λ , 1 ≤ n ≤ m γ } is a complete orthonormal system of L 2 (∂B Λ , µ) given as above.
In particular, we obtain that
where |x ∧ y| is the length of the path x ∧ y. Note that we have e λs,γ t instead of e −λs,γ t since λ s,γ < 0 for all γ ∈ F B Λ in our case.
Since the measure µ on ∂B Λ has the volume doubling property with respect to the intrinsic metric d (s) and the ultrametric d w δ induced by the weight w δ on ∂B given in (5), we expect to obtain similar results to those in [14, Section 7] , such as asymptotic behaviors of heat kernel and jump kernel of the process associated to the Dirichlet form Q s given in (8) . But, we first note that if the eigenvalues of the associated Laplace-Beltrami operator ∆ s blows up at infinity, then one can find a Hunt process ({Y t } t>0 , {P x } x∈∂B ) on ∂B Λ whose transition density is p(t, x, y) as follows. ]) Let µ be the probability measure on ∂B Λ given in (3). For any x, y ∈ ∂B Λ and t > 0, define p t,x (y) = p(t, x, y), where p(t, x, y) is the heat kernel given in (21) that is associated to the Dirichlet form Q s in (8).
(a) For any bounded Borel measurable function f : ∂B Λ → R, we define
Then {p t : t > 0} is a Markovian transition function in the sense of [11, Section 1.4].
(b) There exists a Hunt process ({Y t } t>0 , {P x } x∈∂B Λ ) on ∂B Λ whose transition density is p(t, x, y), i.e.,
for x ∈ ∂B Λ and for a bounded Borel measurable function f : ∂B Λ → R, where E x (·) is the expectation with respect to P x .
Proof. Since |λ s,γ | → ∞ as |γ| → ∞, we see that the result follows from Proposition 7.2 and Theorem 7.3 of [14] .
Since {λ s,x(0,n) : n ∈ N} is strictly decreasing for any x ∈ ∂B Λ and the measure µ has the volume doubling property with respect to d (s) , the heat kernel satisfies the estimates in terms of the intrinsic metric d (s) as follows. Note that the proofs of Proposition 4.6 and Theorem 4.7 are very similar to the ones in [14] and it turned out that the negativity of eigenvalues λ s,γ do not change the results. Proposition 4.6. (c.f. Proposition 7.5 of [14] ) Let µ be the probability measure on ∂B Λ given in (3) and p(t, x, y) be the heat kernel given in (21). Suppose that s < 2 and the spectral radii ρ i of vertex matrices of Λ satisfies ρ i > 1 for all 1 ≤ i ≤ k. Let d (s) be the intrinsic metric on ∂B Λ given in Proposition 3.3 and we denote B s (x, t) be the open ball with radius t centered at x ∈ ∂B Λ with respect to d (s) . Then the following statements are true.
(a) For x ∈ ∂B Λ and t > 0, we have p(t, x, x) ≥ 1 e · 1 µ (B s (x, t) ) .
Proof. First note that since s < 2, we have that λ s,γ < 0 for all γ ∈ F B Λ and the sequence {λ s,x(0,m) : m ∈ N} is strictly decreasing for any x ∈ ∂B Λ . Fix x ∈ ∂B Λ and fix t > 0. Then Proposition 3.3(c) implies that there exists some n ∈ N such that
Then we see that t · λ s,x(0,m) ≥ −1 for all m = 0, 1, . . . , n − 1 since λ s,α < 0 for any α ∈ F B Λ . Also Proposition 3.3 (c) implies B s (x, t) = [x(0, n)]. Thus, we obtain from (22) that
, which proves (a).
To show (b), fix x, y ∈ ∂B Λ . For 0 < t ≤ d (s) (x, y), we let f (t) = p(t, x, y) as in Proposition 7.5 of [14] . Let N = |x ∧ y| and we write λ m = λ s,x∧y(0,m) , µ m = µ[x ∧ y(0, m)] for m ≤ N.
Then we see that
We also have that
We note that λ −1 = 0. Since λ m−1 > λ m > λ N , for 1 ≤ m < N and t ∈ (0, −
Thus, f ′ (t) ≥ 0 and one can check that f ′′ (t) ≤ 0 with a similar calculation. Therefore, we can deduce that
. We have that
which proves the desired result. Now we give the heat kernel estimations in terms of the intrinsic metric d (s) as follows. We first recall that f (x) ≍ g(x) means that there exist two positive numbers c 1 , c 2 such that
Theorem 4.7. (c.f. Theorem 7.6 of [14] ) Suppose that the spectral radius ρ i of vertex matrices of Λ satisfies ρ i > 1 for all 1 ≤ i ≤ k. Let µ be the probability measure on ∂B Λ as given in (3) and d (s) be the intrinsic ultrametric on ∂B Λ given in Proposition 3.3. Let p(t, x, y) be the heat kernel given in (21). Then the heat kernel p(t, x, y) is continuous on (0, ∞) × ∂B Λ × ∂B Λ and satisfies
Proof. We leave the proof to the reader since it is very similar to the proof in [14, Theorem 7.6 ].
In the following proposition, we show that the ultrametric d w δ associated to the weights w δ on B Λ is equivalent to the intrinsic metric d (s) associated to the eigenvalues λ s,γ of ∆ s .
Theorem 4.8. Suppose that the spectral radius ρ i of vertex matrices Λ satisfies ρ i > 1 for all 1 ≤ i ≤ k. Let d w δ be the ultrametric on ∂B Λ associated to the weight w δ given in (5) for δ ∈ (0, 1), and let d (s) be the intrinsic metric given in Proposition 3.3. If 1 < s < 2 + δ, then we have that
Proof. We have to find two positive constants a, b such that
To see this, fix a finite path γ ∈ F B Λ with |γ| = n = qk + t where q ∈ N and 1 ≤ t ≤ k − 1. Then for s ∈ R, (10) gives
In particular, for any finite path η with length |η| = m = pk + ℓ, one can compute
To simplify the computations, the first sum and the second sum of λ s,γ are denoted by A and B, respectively. Then we compute
. To compute A, now let γ i be a sub-path of γ with
. Then we can simplify A and obtain
We see that λ s,γ = A − B is given by
where F γ is a finite sum given by
Since d (s) (x, y) > 0, F γ is positive. We notice that F γ only involves with a finite number of terms. Thus, there exists an upper bound of F γ . In particular, there exists the least upper bound of F γ , denoted by sup γ F γ , which is not zero. Since
where γ = x ∧ y with |γ| = n = qk + t. This gives the equality
We claim that there exists the minimum values of
We also note that 2 + δ − s > 0 and 0 < κ Λ s(γ) < 1. Since there exists the minimum value of a finite set of positive numbers and Λ is a finite k-graph, the set {(κ Λ s(γ) ) 2+δ−s : s(γ) ∈ Λ 0 } has the minimum value, denoted by min{(κ
By letting a :=
To obtain the other inequality, note that (28) gives 
We note that each γ i with |γ i | = q ′ k + t ′ is a sub-path of γ with |γ| = qk + t. Since ρ t ′ +1 .
Since Λ has only finitely many vertices, there exists the positive minimum value of the set { (e,e ′ )∈ext 1 (η) κ Λ s(e) κ Λ s(e ′ ) : η ∈ F B Λ } denoted by MIN. Also, there exists the maximum value of {ρ j : 1 ≤ j ≤ k}, which we denote by ρ max . Thus, we have that
ρ t ′ +1 · κ s(γ i ) .
Since 0 < κ Λ s(γ) < 1 and s − 1 > 0, we have (κ Λ s(γ) ) s−1 < 1 and hence
) .
< 0, then we have the inequality We showed that there exists a heat kernel p(t, x, y) associated to the Dirichlet form Q s in Proposition 4.5 and described its asymptotic behavior in Proposition 4.6 and Theorem 4.7 with respect to the intrinsic metric d (s) . Due to the previous theorem, we can give the heat kernel estimates in terms of the ultrametric d w δ associated to the weight w δ given in (5) on ∂B Λ . In fact, (b) of the following theorem may be thought of as a heat kernel estimates for jump processes associated to the Dirichlet form Q Js,µ . Theorem 4.9. (C.f. Theorem 13.6 of [14] ) Suppose that the spectral radius ρ i of vertex matrices of Λ satisfies ρ i > 1 for all 1 ≤ i ≤ k. Let d w δ be the ultrametric on ∂B Λ associated to the weight w δ given in (5) for δ ∈ (0, 1). Suppose that 1 ≤ s < 2 + δ. Then we have the followings. 
